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In this paper, we study the Schwinger model on a half-line. In particular, we investigate the
behavior the chiral condensate near the edge of the line. The effect of the chosen boundary condition
is emphasized. The extension to the finite temperature case is straight forward in our approach.
I. INTRODUCTION
The (1+1)- dimensional massless spinor electrodynam-
ics, the Schwinger model [1], has been a most popular
playground for theorists because it exhibits many subtle
properties which are believed to exist, yet dicult to ver-
ify, in four dimensional QCD. One such property is the
existence of chiral condensate, an essential component
in modern particle physics. In the Schwinger model, a
rather complete understanding of the chiral condensate
under various circumstances, e.g. at nite temperature
and nite chemical potential [2{8], has been achieved.
It is the unrealistic low dimensionality of the model
that allows such detailed understanding. But sometimes
realistic low-dimensional models can arise from (3+1)-
dimensional ones if only radial dependence (s-wave ap-
proximation) is kept. For example, the famous Callan-
Rubakov eect, i.e. the monopole catallysis of proton de-
cay [10,9,11], made use of a Schwinger-like model dened
on a half line in the rst approximation. A fermion num-
ber breaking condensate analogous to the chiral conden-
sate can be shown to exist around a magnetic monopole.
Motivated partly by the Callan-Rubakov eect, we study
the original Schwinger model on a half-line. We pay spe-
cial attention to the dependence of the chiral condensate
on the distance from the edge. Exact results can be ob-
tained by using existing techniques. The standard value
of the chiral condensate is recovered when we are in re-
gion far away from the edge. The value of the condensate
near the edge depends on the chosen boundary condition.
In this note, we adopt the boundary condition employed
in the boundary conformal eld theory approach to the
Callan-Rubakov eect. It is easy to extend the result to
the nite temperature case with our approach. Previous
attempt to study the nite temperature behavior of the
Callan-Rubakov condensate relied on the cluster decom-
position property which is hard to implement on a half
line [12].
II. BOSONIZATION OF QED2 ON A HALF-LINE
We shall begin by rst studying the Schwinger model
on a nite segment. The Lagrangian density of QED2 on
a line segment of length L (x 2 [0; L]) is dened by :
L = −1
4
F 2 +  γ(i@u − eA) : (2.1)
The boundary condition on  is chosen to be  R(t; L) +
 L(t; L) = 0 =  R(t; 0) +  L(t; 0) which breaks chiral
symmetry at x = 0. [11] A similar boundary condition
appears in the Callan-Rubakov eect and allows an ex-
act treatment of the theory. Discussions on a generaliza-
tion of this boundary condition will be given in the last
section.
The half line case will be obtained if we take the in-
nite L limit at the end of the analysis. In two di-
mensions, it is possible to choose the Coulomb gauge so
that Ax is independent of the spatial coordinate x, i.e.
@xAx = 0. After making Ax independent of x, we can
still make a topologically non-trivial gauge transforma-
tion A0x = Ax+iU
−1@xU , where U(x) = e
i2pinx
L . It is well
known that these \large" gauge transformations are im-
portant in understanding the vacuum structure of QED2.
The true degrees of freedom of the gauge eld are the




dxAx) = exp(ieLW (t)) which trans-







is gauge invariant and the gauge eld and fermion elds
transform under a n = 1 large gauge transformation as :
Ax ! Ax + 2
eL




The time component of the gauge eld A0 is not a dy-
namical degree of freedom and can be determined to be
A0(t; x) = −e
∫ L
0 dyD(x; y)j
0(t; y) by solving the Gauss’s
law :
E0 = ej0; _E = −ej1: (2.3)
D(x; y) is the Green’s function which satises
@2xD(x; y) = (x − y). Following standard procedures,























dyj0(t; x)D(x; y)j0(t; y); (2.4)
where j0(t; x)   yR R(x) +  yL L(x) The fermion eld
is written in terms of right- and left-moving components
explicitly for latter convenience.
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The Hamiltonian (2.4) is essentially a model of
fermions interacting via long range Coulomb forces to-
gether with the quantum mechanical (topological non-
trivial) degrees of freedom of the spatial component of the
gauge eld. We will empoly the methods developed for
boundary critical phenomena [13,14]to study properties
of the Schwinger model with open boundary conditions
and calculate the chiral condensate analytically.
The rst step of bosonizing the fermions with the cho-
sen boundary conditions at the origin is mirror copy-
ing: our boundary condition  R(t; 0) = − L(t; 0) allows
us to analytically continue the left-moving component
of the fermion eld to the domain x < 0 by dening
 R(t; x)  − L(t;−x) for x 2 [−L; 0]. Our theory can
then be formulated as a theory of chiral (right-moving)
fermion dened on the full segment (x 2 [−L;L]) which
leads to the full line in the innite L limit. Our Hamil-























dy(R(x) + R(−x))D(x; y)
 (R(y) + R(−y)): (2.5)
where R(x)   yR(x) R(x). We now bosonize the
Hamiltonian by introducing a single chiral boson eld
^(x) with  R(x) = 1p2L : e
iˆ(x) := 1p
2a
eiˆ(x) where a is
an ultraviolet cuto [7]. Note that our boundary condi-
tion on x = L ,  R(t; L) = − L(t; L), now implies that
we have the periodic boundary conditions for the chiral
fermion, i.e.  R(L) =  R(−L). The chiral boson will
therefore has the following mode expansion :










(eiqx−aq=2bq + h:c:); (2.6)
and q = 2n2L and the boson creation operators satis-
fying the usual commutation relations [bq; b
y
q′ ] = q;q′ ,
[qR; pR] = i. The periodic boundary condition requires
pR to take integer values only. The meaning of various
factors in the above formulas can be seen from the fol-
lowing bosonization identity:









 yL(x) L(x) =
−1
2




so that pR =
∫ L
0
dx( yR + 
y
L L) is the charge operator
while the chiral charge operator is
∫ L
0
dx( yR − yL L) =
1
 ((L) − (0))  q5. Their transformation properties
under the n = 1 large gauge transformation are
W (t) !W (t) + 1; pR ! pR:
(x) ! (x) + 2
L
j x j; q5 ! q5 − 2: (2.8)
Due caution must be taken to preserve gauge invari-
ance in bosonizing the Hamiltonian which contains the

























dx((x)2 − (x)(−x)): (2.10)
which is manifestly gauge invariant.




























































where m2 = e2= and 2W − q5  Q5 is the gauge invari-
ant chiral charge. Notice that the gauge elds couple only
to the boundary degrees of freedom of the  eld. As the
Hamiltonian contains only quadratic terms, we can solve
for the ground state wave functional exactly. Although
the topological nontrivial part of the gauge eld couples
to the boson eld linearly, their contribution to the boson
spectrum is of the order of O( 1L). We will therefore now





the Hamiltonian . This part of the Hamiltonian can be
diagonalized easily via a Bogoliubov transformation
bq  cosh’q b^q − sinh’q b^yq;









m2 + q2 b^yq b^q: (2.13)
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This shows clearly the well known fact that the spec-
trum contains a relativistic boson with mass m. The
spectrum contain only positive momentum branch re-
flecting the fact that  is a chiral boson. With this simple
bosonic Hamiltonian and the bosonic representations of
fermionic operators, we can easily calculate the fermion
correlation functions.
III. CHIRAL CONDENSATE
The chiral condensate is given by  (x) (x) =
 yR(x) L(x) + h:c:. When written in terms of the chi-
ral bosonic eld it becomes :








 eh0j(x)(−x)−12 ((x)(x)+(−x)(−x))j0i: (3.1)
To proceed , we need the following relations rom
eq. (2.12):
h0 j bqbq′ j 0i = − cosh’q sinh’q′h0 j b^q b^yq′ j 0i
− sinh’q cosh’q′ h0 j b^yq b^q′ j 0i ;
h0 j bqbyq′ j 0i = cosh’q cosh’q′h0 j b^q b^yq′ j 0i
+ sinh’q sinh’q′ h0 j b^yq b^q′ j 0i ;
h0 j byqbq′ j 0i = sinh’q sinh’q′ h0 j b^q b^yq′ j 0i
+ cosh’q cosh’q′h0 j b^yq b^q′ j 0i: (3.2)
With the above relations, we obtain






[− sinh 2’q + cosh 2’q  cos 2qx+ i sin 2qx] ;




















 i sin 2qx:
(3.3)
































where K0 is the modied Bessel function and γ is the






eγ  eK0(2mx): (3.5)
Putting everything together, we nally get :
h  (x) (x)i = m
2
eγ  eK0(2mx): (3.6)
The above formula is valid for L ! 1. When x is near
the origin, the condensate becomes singular because of
the chiral symmetry breaking boundary condition and
the exact correlation of  L and  R at the origin. In
regions far away from the origin, we expect that the con-
densate is not aected by the boundary condition. In-
deed, when x >> m, K0(mx) ! 0 and  (x) (x) ! m2 eγ
which is just the usual chiral condensate on an innite
line as it should be. [2{7]
The above result can be readily generalized to the
nite temperature case. One only need to substitute
hb^yq b^qi = 1− hb^q b^yqi = n(T )  1eω(q)−1 into eq. (3.2). Here
!(q) =
√
m2 + q2 is the energy dispersion for the boson




[(1 + 2n(T ))(cosh2’q + sinh 2’q)
 (cos 2qx− 1) + i sin 2qx] ; (3.7)
and the chiral condensate at nite temperature becomes
:
h  (x) (x)iT>0























For mx >> 1, the second factor approaches one and
the above result is again coincide with the one obtained
in the innite-line case. Eq. (3.6) and eq. (3.8) are the
main results of this paper. Inclusion of a nite chemi-
cal potential is also straight forward following a previous
treatment for the innite line case. [8]
IV. DISCUSSIONS
It is important to point out that because of the symme-
try breaking boundary condition, a unique ground state
has been selected among the usual degenerate vacua far
away from the boundary. The analogous situation in the
usual spin system with a boundary is familiar: If we
impose the condition that spins on the boundary must
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all point to the same direction ,say up, the spin sys-
tem will settle down to a state with spins all pointing
up when temperature lower than the critical temper-
ature is approaching zero; one unique ground state is
selected. If we rotate the boundary spin, the orienta-
tion of the spins deep inside will also change accordingly.
Likewise here, if we change the boundary condition to
 R(t; 0) = −ei L(t; 0), the chiral condensate eq. (3.6)
and eq. (3.8) will contain an extra factor cos() where 
is the famous vacuum angle. To understand this, one only
needs to look at eq. (3.1) and see that an extra factor,
ei, must be put on the right hand side. The cos() fac-
tor arises from combining ei with e−i that will thereby
appears in the hermitian conjugate of eq. (3.1).
Summing up, we have demonstrated that the chiral
condensate can be obtained exactly in the Schwinger
model on a half line if we choose an appropriate (yet not
unphysical) boundary condition. More general boundary
conditions may not allow exact treatments.
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